In this article, we show that every operator defined on the G.T. Banach space with an unconditional basis is liftable. So a G.T. Banach space with an unconditional basis is isomorphic to 1 (Γ) for some index set Γ which was characterized by Lindenstrauss and Pelzýnski in 1968.
Introduction
The main purpose of this paper is to establish that every linear operator on a G.T. Banach space with unconditional basis has a lifting operator. From this result and well known fact about lifting property of 1 , we can derive that every G.T Banach space with unconditional basis is isomorphic to 1 (Γ) for some index set Γ which was characterized by Lindenstrauss and Pelzýnski in [8] .
We begin our discussion with summary of well known results concerning the corresponding problems for continuous linear operators between Banach spaces. Suppose that E, F and G are Banach spaces and q is a surjective linear map of G onto F which maps the closed unit ball in G onto the closed unit ball in F and that T is a bounded linear operator of E into F . When does have a norm preserving lifting, that is, when does there exist a continuous linear mappingT : E → G such that T = T and such that the following diagram commutes with q •T = T ?
We now state the fact of the space 1 which has a property dual to the extension property, namely the "lifting property". Grothendieck [4] , Pelczýnski [9] and Kőthe [6] have established the following results concerning this question. Theorem 1.1. Let F and G be Banach spaces so that there is an operator q from G onto F . Then for every T ∈ L( 1 , F ), there is aT ∈ L( 1 , G) for which q •T = T . Moreover, if T is a quotient map, then for every > 0,T may be chosen so that T ≤ (1 + ) T .
The property of 1 exhibited in theorem 1.1 characterizes the space 1 . Definition 1.2. We say that a Banach space E has the lifting property if for every operator q from a Banach space G onto F and for every T ∈ L(E, F ), there is aT ∈ L(E, G) so that T = q •T .
Every separable infinite dimensional Banach space with the lifting property is isomorphic to 1 . Indeed, if we take G = 1 , F = E, q a quotient map from 1 onto E and T =identity of E, in the definition of the lifting property we deduce that there is aT ∈ L(E, 1 ) so that q •T = I E . Consequently,T is an isomorphism into andT • q is a projection from 1 ontoT (E). Thus we can say that E 1 . The spaces having the lifting property have been characterized also in the nonseparable case. Kőthe generalized above theorem 1.1 to the non-separable case and showed that for every set Γ, the space 1 (Γ) has the lifting property. Moreover he proved the converse of theorem 1.1 as following in [6] ; Theorem 1.3. Every Banach space E with the lifting property is isomorphic to 1 (Γ), for some set Γ.
Also we need the definition of the absolutely p-summing operator on a Banach space E. 
We will denote by π p (T ) the smallest constant K > 0 satisfying (1.2). Moreover, we will denote by Π p (E, F ) the set of all p−summing operators T : E → F . It is known that 1 ≤ p < ∞ , π p (T ) is a norm on Π p (E, F ), with which this space is a Banach space. Also the space Π p (E, F ) satisfies the following(so-called) "ideal property". If T : E → F is a p−summing, and if S : G → E and U : F → H are bounded operators between Banach spaces, then the composition U T S is a p−summing, and we have
The following theorem gives some equivalent descriptions of absolutely 1-summing operators in [2] . c) There exists a constant K > 0 such that for any finite set x 1 , x 2 , · · · , x n ∈ E the following inequality obtains;
Let (e i ) i∈Γ be a family of nonzero elements in a Banach space E. We say that (e i ) i∈Γ is an unconditional basis for E if (e i ) i∈Γ is total in E and if there is a constant λ > 0 with the following property: for any finitely supported families of scalars (α i ) i∈Γ and (β i ) i∈Γ such that
The "unconditional basis constant"of (e i ) i∈Γ is defined as the smallest constant λ satisfying above inequality; it will be denote by u((e i ) i∈Γ ). The unconditional basis constant of E is defined as the infimum of u((e i ) i∈Γ ) over all possible unconditional bases (e i ) i∈Γ of E. We will denote it by ub(E). Note that the spaces p (Γ) (1 ≤ p < ∞) obviously possess an unconditional basis with unconditional constant 1.
For some time the abstract L 1 -spaces remained the only known spaces satisfying the identity B(L 1 , 2 ) = Π 1 (L 1 , 2 ). However, since we now know many more spaces satisfying this, it is worthwhile to introduce the following; Definition 1.7. We will say that a Banach space E satisfies Grothendieck's theorem (in short G.T.) if
(1.4)
In that case, we will say that E is a G.T. Banach space.
Theorem 1.8. E is a G.T. space if and only if there is a constant λ such that, for all n and all T : E → n 2 , we have
The duals or preduals of G.T. spaces can be characterized in a convenient manner which we indicate in the next theorem. Theorem 1.9. Let E be a Banach space. The following assertions are equivalent.
for any L 1 -space, and there is a constant λ such that any T :
iii) There is a constant λ such that, for any n and any
Moreover, a Banach space E is a G.T. space if and only if its bidual E * * is also a G.T. space, and
Main Results
In this paper, our main questions are based on Theorem 1.1, that is, which bounded linear operators on E into a Banach space F can have the lifting property? Due to Theorem 1.3, E = 1 (Γ) for some index set Γ only has the lifting property. Especially, by showing the lifting property of some G.T. space we can prove that every G.T Banach space with unconditional basis is isomorphic to 1 (Γ) for some index set Γ which was characterized by Lindenstrauss and Pelzýnski. Also if we impose more conditions, we can find a lifting on some Banach. For this direction of research we can show that any absolutely 1-summing operator on the Banach space E with a unconditional basis can have a lifting operatorT of T . Now the first main theorem is the following; Theorem 2.1. Let E be a Banach space with an unconditional basis (e i ) i∈Γ . For any Banach spaces F and G, let T : E → F be an absolutely 1-summing operator. Then for any surjective linear map q : G → F , there exists a lifting operatorT : E → G such that q •T = T , T ≤ λπ 1 (T ) and the following diagram commutes; E T −→ F T ↓ q G Proof. Let (e i ) i∈Γ be the unconditional basis and λ = u((e i ) i∈Γ ) be the unconditional basis constant. Since T : E → F is absolutely 1-summing, we have, for any finitely supported families of scalars (α i ) i∈Γ ,
with usual convention 0 0 = 0. Then clearly U • S = T and U ≤ 1. On the other hand, the norm of S is given by
Hence we have S ≤ λπ 1 (T ). Since 1 (Γ) has the lifting property, for defined operator U : 1 (Γ) → F we define the liftingŨ : 1 (Γ) → G such that q•Ũ = U and Ũ = U ≤ 1. Hence to get a desired liftingT of T , defineT : E → F byT =Ũ • S. Then we have
Moreover the operator norm ofT is estimated by
This proves the theorem.
The theorem 2.1 does not imply the Banach space E with unconditional basis has the lifting property. By the theorem 1.3, if every linear operator on E has the lifting property, then the Banach space E have to be isomorphic to 1 (Γ) for some index Γ. But above theorem 2.1 is only applies to absolutely 1-summing operators.
Now we can study the lifting property on the G.T. Banach space with an unconditional basis.
Lemma 2.2. Let E be a G.T. Banach space with unconditional basis (e i ) i∈Γ . Then for every x = α i e i in the finite linear span of (e i ) i∈Γ , there exist constants C > 0 and λ > 0 such that we have
where T : E → 2 (Γ) is a bounded linear operator.
Proof. Let E be a G.T. space with an unconditional basis constant u((e i ) i∈Γ ) that is equal to λ > 0. Then since E is a G.T. space, there is a constant C > 0 such that every T : E −→ 2 (Γ) is 1-summing and satisfies π 1 (T ) ≤ C T . Hence by definition of 1-summing operator, this implies that for every x = α i e i in the finite linear span of (e i ) i∈Γ , we have
This proves the lemma.
Lemma 2.3. Let E be a G.T. space with unconditional basis (e i ) i∈Γ with basis constant λ > 0. Then for every x = α i e i in the finite linear span of (e i ) i∈Γ , there is a constant C > 0 such that we have
Proof. Without loss of generality we can assume that e i = 1, for all i ∈ Γ. Let (β i ) i∈Γ be in the unit ball of 2 (Γ). Consider a linear operator
Since e i = 1 for all i ∈ Γ and by the property of unconditional basis (e i ) i∈Γ , we have
Hence we can have T ≤ λ. Moreover by the above lemma 2.2, we have the following inequality,
Taking the supremum over all (β i ) i∈Γ , we can have
Now define the operator S : E → 2 (Γ) by S( α i e i ) = (α i ) i∈Γ . Then by above (2.7) (
so that we can have S ≤ Cλ 2 . Since E is a G.T. space, S is again 1-summing operator. Hence by above lemma 2.2
Now we can show our main result that a G.T. Banach space with unconditional basis can have a lifting operator which may not norm preserving.
Theorem 2.4. Let E be a G.T. space with unconditional basis (e i ) i∈Γ . For any Banach spaces F and G, let T : E → F be an any bounded linear operator. Then for any > 0 and for any surjective map q : G → F , there exists a lifting operatorT : E → G such that q •T = T , T ≤ (1 + )λ 3 C 2 T and the following diagram commutes;
Proof. Let E be a G.T. space with unconditional basis (e i ) i∈Γ . Without loss of generality, by normalizing we may assume that e i = 1 for all i ∈ Γ and that the unconditional constant u((e i ) i∈Γ ) is equal to λ. Now for each i ∈ Γ, define T (e i ) = y i ∈ F . Then by the open mapping theorem, for each > 0 there exists z i ∈ G such that q(z i ) = y i with z i ≤ (1 + ) y i for all i ∈ Γ. Hence we can define an operatorT : E −→ G bỹ T (e i ) = z i for each i ∈ Γ. Then for any finite linear span x = α i e i of (e i ) i∈Γ , we can defineT ( α i e i ) = α i z i . Now we need to show thatT is bounded. Hence we have a desired liftingT of T . This proves the theorem. Now by using above theorem 2.4, we can prove the following Lindenstrauss and Pelczýnski's theorem in [8] which is related with a G.T Banach space having an unconditional basis. This theorem says that every G.T. space with an unconditional basis is an L 1 -space.
Corollary 2.5. Let E be a G.T. Banach space with an unconditional basis (e i ) i∈Γ . Then E is isomorphic to 1 (Γ).
Proof. For any linear operator T on E with an unconditional basis (e i ) i∈Γ , we can find the liftingT of T by above theorem 2.4. Hence by theorem 1.3, it must be isomorphic to 1 (Γ). This proves the corollary.
